The diversifying power of inflation-linked (IL) bonds relative to traditional asset classes has changed significantly. In this paper, we study the dynamics of conditional volatilities and correlations for three asset classes, IL bonds, nominal bonds and equities, in the United States and Europe. Using a DCC-MVGARCH for the period 1997-2007, we highlight the change that took place in 2003. Although IL bonds once had definite diversification power, they are now highly correlated with nominal bonds and have reached similar volatility levels. As a result, the two asset classes are practically substitutable. This seems to be due to more stable inflation expectations and to a more liquid IL bond market. Although diversification was a valuable reason for introducing IL bonds before 2003, this is no longer the case. Dynamic portfolio optimization using our estimates of conditional correlations and volatilities clearly demonstrates that the optimal weight of IL bonds in a portfolio decreased sharply in 2003 in favor of nominal bonds and equities.
Introduction
The first inflation-linked (IL) bonds were issued in 1780 in the United States, but they fell off the radar until twenty-odd years ago, when governments of developed countries began to issue them again, starting with the United Kingdom in 1981. Since then, they have found favor both with governments and with markets, which, besides seeing them as a hedge against inflation, have embraced them as a means of diversifying their portfolios. Currently, 13 developed countries, including the United States, the United Kingdom, France, Germany, Italy, Japan and Canada, have issued substantial amounts of debt in IL bonds. And the list keeps growing.
Indexed bond issues now account for more than one-third of new issuance in the U.S. and about 10% in the eurozone.
IL bonds differ from conventional-or nominal-bonds in two important ways: (1) the nominal value of their coupons is the sum of a real coupon that is constant and fixed in advance, and observed inflation (in general, a consumer price index); (2) the principal is indexed to observed inflation, but it is also generally guaranteed in case of deflation. IL bonds serve a dual purpose. First, they hedge against inflation, unlike nominal bonds (Campbell and Viceira (2002) ) or equities (Campbell and Shiller (1996) ). Second, many studies have pointed out IL bonds' usefulness for portfolio diversification in a mean-variance framework (Lamm (1998 ), Roll (2004 , Kothari and Shanken (2004) , Mamun and Visaltanachoti (2006a) ). Unfortunately, this analysis is extremely sensitive to assumptions regarding expected returns, volatility and correlation. Roll (2004) and Mamun and Visaltanachoti (2006b) have shown that inflation expectation hypotheses strongly influence the attractiveness of IL bonds relative to other assets.
Yet even though the return aspect of IL bonds has been widely studied, their risk component has received much less attention. There is very little research into the dynamics of volatility and correlations of IL bonds with other asset classes, or the influence of these factors on the optimal allocation for indexed bonds. To the best of our knowledge, only Hunter and Simon (2005) have modeled conditional volatilities and correlations through a bivariate GARCH model in order to calculate conditional Sharpe ratios. Unfortunately, their study ends with 2001. Now, with more than ten years' data available, we can study changes in correlations and volatilities.
This article contributes to the existing body of research in two ways. First, we propose an estimate for conditional correlations and volatilities between IL bonds, nominal bonds and equities, by means of a DCC-MVGARCH model (Engle (2002) ). This has been used successfully to model correlation dynamics between exchange rates (van Dijk et al. (2006) ), equities (Kearney and Potì (2003) ), and equities and bonds (Cappiello et al. (2003) ), but it does not appear to have been applied to IL bonds. In addition, we examine dynamic portfolio optimization, taking conditional volatilities and correlations into account. The results allow us to precisely study the diversifying power of IL bonds and to show how it has changed over time.
We focus on the dynamics of volatilities and conditional correlations between IL bonds, nominal bonds and equities, in the United States and Europe, over 1997-2007 . We demonstrate that these dynamics have completely changed in recent years. The volatility of IL bonds, formerly weaker than that of nominal bonds, has increased sharply, reaching levels that are now equal to or slightly higher than those of nominal bonds. At the same time, indexed bonds have become very highly correlated with nominal bonds, thus losing much of their ability to diversify. This seems to be due to two complementary phenomena: on the one hand, inflation expectations have stabilized; on the other hand, the liquidity of the IL bond market has improved and is now comparable to that of the nominal bond market. Using our estimates for conditional correlations and volatilities, monthly portfolio optimization since 1997 shows that the weight of inflation-linked bonds in a diversified portfolio with equities and nominal bonds has decreased sharply since 2003. In Europe, the IL bond weighting has actually become negligible. These results shed new light on the appeal of IL bonds in a global portfolio.
Whereas diversification purpose may have been a good reason for introducing IL bonds before 2003, this is no longer the case. Whether they should be introduced now will depend only on investors' inflation risk aversion and their expectations for relative excess returns of both nominal and IL bonds. This paper is organized as follows: Section 2 presents the data. Section 3 shows that correlations are unstable and presents estimated conditional volatilities and correlations using a DCC-MVGARCH model. Section 4 presents the results of a dynamic portfolio allocation in a mean-variance framework, taking into account conditional correlations and volatilities. Finally, Section 5 concludes.
Data
The dataset is composed of daily returns for equities, nominal bonds and IL bonds, in the U.S. During our sample period, the average return on linkers was higher than that on nominal bonds in Europe (5.09% versus 4.65%), and equal to nominal bonds in the U.S. (6.55%).
Theoretically, nominal bond returns should include compensation for the risk of unexpected future inflation: the inflation risk premium (Sarte (1998) , Shen (1998) , McCulloch and Kochin (2000) ). Nominal bonds are thus expected to provide slightly higher returns and risks than IL bonds with similar maturities. In that context, the impressive performance of linkers compared to nominal bonds is surprising. It may be due to the sample period, which began with low supply and very high demand from institutional investors (insurance companies and pension funds) seeking protection from inflation, and to the presence of a liquidity premium (Shen (2006), Hordahl and Tristani (2007) ). Over the entire study period, IL bonds exhibit lower volatility than nominal bonds in both the U.S. and Europe: 4.4% versus 6.3% in the U.S. and 4.1% versus 5.1% in France, consistent with the theoretical framework and previous findings (Hunter and Simon (2002) ). In addition, equities provide a risk premium over Treasuries of around 2.55% in the U.S. and 4.72% in Europe during the study period. The reason for the sharp difference between the two is that average nominal bonds returns were much lower in the eurozone than in the U.S.
Modeling time-varying correlation

Instability of correlations
Tables 2 and 3 present the unconditional correlation matrices calculated in the U.S. and the eurozone over the entire sample period. One oft-cited source of diversification provided by IL bonds is the fact that they exhibit negative correlation with other assets classes (especially equities) and moderate correlation with nominal bonds. In our sample, IL bonds display negative correlations with equities (-0.14 in the U.S., -0.24 in the eurozone), and very high correlations with nominal bonds (0.75 in the U.S., 0.70 in the eurozone). As mentioned previously, the linkers market is relatively new, and many studies arguing for their strong diversifying power (Lamm (1998 ), Roll (2004 ) refer to their early history. It is thus reasonable to wonder if, after 10 years of growth and change in the market, we will reach a different conclusion.
As a preliminary step, we split the full sample into two equal-length sub-periods: from the We notice a relevant change in the nominal / IL bonds correlation since 2003. In the U.S., the correlation increases from 0.67 to 0.88. In France, the increase is even larger from 0.53 to 0.93.
Correlations of nominal and IL bonds with equities increased less significantly, and remained completely stable in the U.S.
Volatilities also appear very different in the two sub-periods, as can be seen in Tables 8 and 9 .
Equity index volatility for the second period is roughly 0.6 times that for the first sub-period (which included the equity market crash), whereas nominal bond volatility decreases slightly in the second period in both areas. Again, a dramatic change occurred for IL bonds. Their volatility increased considerably-the volatility ratio between the second and first period is 1.79 in the U.S. and 1.55 in France-to levels comparable to nominal bonds (or even slightly higher in Europe). Tables 10 and 11 in Appendix 2, show strong rejection of the null hypothesis. In that context, the DCC-MVGARCH model will be of great interest, because it can cope with the varying correlations and volatilities over time.
Dynamic Conditional Correlation modeling
We apply the simplest form of the DCC-MVGARCH model first presented by Engle and Sheppard (2001) and Engle (2002) . We consider the daily returns t r of k asset classes and assume that the returns are conditionally normal 4 with a mean of zero and covariance matrix 
The DCC model maximizes the log likelihood in two steps. The first stage is to find
e. the coefficients of a GARCH (p,q) process applied to each asset class.
In the second stage the correlation coefficients are estimated conditionally to the parameters estimated in the first stage likelihood:
Estimation results
A preliminary analysis (not reported there) has been conducted to choose the best univariate GARCH process for our assets. Tables 12 and 13 in Appendix 3 display the estimates of GARCH parameters for each series. Looking at the significance of parameters and information criteria, the model selected is a GARCH (1,1) for the six asset classes. All series present a high degree of persistence (long memory of the process), although the autoregressive parameter is more pronounced for bonds than for equities. By contrast, equities demonstrate an innovation parameter which is higher than that for bonds, meaning that a volatility shock lasts longer in equity markets than in bond markets.
Figures 5 to 8 plot the estimated conditional volatilities. The greater volatility of equities is conspicuous with respect to the two bond indices. The recent period has been characterized by a relatively low-volatility environment for equities and decreasing volatility for bonds.
Volatility peaks are detectable, coinciding with crises (Schwert (1989) , Bekaert and Wu (2000) , Caporale et al. (2000) ). This phenomenon, which is scarcely documented in the academic literature, can probably be explained by the greater stability of inflation expectations (Kahn et al. (2002) , Ahmed et al. (2004) , Bernanke (2006) , Aglietta et al. (2007) ). This stability has led to more stable inflation breakevens 5 , and therefore to real interest rates moving almost in parallel with nominal rates.
Accordingly, the volatility of IL bonds returns is bound to be identical to that of nominal bonds, 5 Inflation breakevens are expressed as the difference between the nominal rate (quoted on nominal bonds) and the real rate (quoted on IL bonds) of the same maturity. Breakeven measures the market's inflation expectation, plus premiums linked to inflation risk and to the difference in liquidity between the nominal bond market and the IL bond market. Tables 14 and 15 in Appendix 3. Figures 9 and 10 depict the estimated dynamic correlation between the six asset classes involved.
6 Alternative specifications (DCC(2.1), DCC(1,2), DCC(2,2), etc.) have been tested, but parameters were not significant and the log likelihood did not improve. The equity / nominal bond correlation declined significantly beginning in 1998, becoming almost always negative since that date. It is noteworthy that there is a strong analogy between the equity / nominal bond correlation and the equity / IL bonds correlation, especially since 2003. In theory, the correlation of IL bonds with equities should be weaker than that of nominal bonds with equities (Kothari and Shanken (2004) ). In fact, nominal bonds and equities are both negatively impacted by unexpected inflation, while indexed bonds are positively impacted, given the negative relationship between inflation and real interest rates.
The most striking fact concerns the change of behavior of the correlation between indexed bonds and nominal bonds. Fluctuating around 60% before 2003, and relatively volatile, the correlation approaches 90% and is extremely stable after that date. Earlier studies (Lucas and Quek (1998), Lamm (1998) , Rudolph-Shabinsky and Trainer (1999) ) showed that the correlation between the two markets should depend on whether nominal interest rate movements are more reflective of changes in real interest rates or changes in inflation expectations. Thus, when inflation expectations are moving the market more, IL bonds and nominal bonds tend to be less correlated, and when real rates vary, a higher correlation may be expected. The greater stability of inflation expectations could explain why real rates, while fluctuating in parallel with nominal rates, are much more highly correlated with inflation expectations. In addition, aspects of liquidity that are linked to the novelty of IL bonds may explain why their correlation was abnormally low at the beginning of the data series, when the indexed market was subject to significant supply / demand factors.
Consequences for Asset allocation
Our objective is to design optimal portfolios with monthly rebalancing, and to measure how their composition changes through time because of the movements in volatility and the correlation process observed in the previous section. The estimated conditional correlations and volatilities allow us to compute daily a conditional covariance matrix that can be used for portfolio optimization, with a standard mean-variance approach.
We consider a diversified portfolio composed of nominal bonds, IL bonds and equities, with the possibility of investing in a risk-free asset also. To examine how changes in the volatility and correlation structure affect the design of an optimal portfolio, we assume that the expected returns of each asset are constant and equal to long-term equilibrium expectations throughout the period under review. We can thus analyze changes in the portfolio's optimal composition that are due entirely to variations in conditional volatilities and correlations.
The first step is to determine reasonable assumptions for expected long-term excess returns for the three asset classes relative to the risk-free rate. For both nominal and IL bonds, we consider three scenarios: (1) a baseline scenario of a 1.5% excess return over the risk-free rate, corresponding to the historic U.S. average since 1980, and two alternative scenarios: a more favorable one for bonds with an expected excess return of 2%, and a less favorable one with an excess return of only 1%. We also examine the sensitivity of the findings to various alternative assumptions, in particular the possibility of a positive inflation risk premium warranting higher expected returns for nominal bonds than for indexed bonds. This premium would compensate a nominal bond holder for the risk that inflation may be higher than expected. Historically, the inflation risk premium has fluctuated widely in response to economic conditions, both in the United States and in Europe. An abundant literature is devoted to estimating it (Berardi (2005) , D'Amico et al. (2007), Durham (2006) , Hördahl and Tristani (2007) , Risa (2001), Shen (1998)), with estimates ranging from 0% to slightly over 1%. We therefore took three scenarios for this premium: 0%, 0.5% and 1%. Making these assumptions for nominal and IL bonds, we deliberately exclude the case of a highly inflationary scenario. Finally, we assume that equities earn an excess return of 4% over the risk-free rate, corresponding to the historical U.S. average.
The purpose of this paper is not to study equity behavior in detail, so we use a single assumption for this asset class. Combining the three bond return assumptions and the three inflation risk premium assumptions, we construct nine possible expected return scenarios for the three asset classes, consistent with the hypotheses used by Kothari and Shanken (2004) , thus enabling us to compare the results obtained in the two studies.
At every month-end we optimize our portfolios by maximizing the Sharpe ratio. We assume (1) that expected returns are equal to long-term expectations as defined in each of the nine scenarios, and (2) that the expected variance-covariance matrix is equal to the last conditional variance-covariance matrix estimated in section 3.
The following charts plot the changes in the weights of each of the three asset classes under our dynamic optimization, using two scenarios selected from the nine available. Figures 11 and 12 present the baseline case in which excess bond return is 1% and the inflation risk premium is nil in both the United States and Europe. Figures 13 and 14 present a more favorable scenario for nominal bonds in which the excess return is still 1% but the inflation risk premium is 0.5%, the average estimate in the literature. Tables 14 and 15 summarize optimizations carried out in the United States. They show the average dynamic optimal weights obtained from our monthly portfolio optimizations over the two sub-periods. Tables 16 and 17 show the same for Europe. In case of an unexpected surge in inflation, it is highly probable not only that expected returns would change but that the correlation structure would also vary, reverting to a pattern to that closer pre-2003. Under these conditions, the effects of diversifying between IL and nominal bonds may increase. IL bonds would then become attractive again, both because they would outperform nominal bonds and because they would once again be able to diversify an overall portfolio.
Conclusion
We have proposed a method for estimating conditional correlations and volatilities between IL bonds, nominal bonds and equities, in the United States and Europe for the period 1997 -2007, using a DCC-MVGARCH model (Engle (2002) ).
The results have enabled us to show that the dynamics of correlations and volatilities have changed radically in recent years. The volatility of IL bonds, which used to be weaker than that of nominal bonds, in keeping with the theory, increased sharply to levels that are now identical to nominal bonds (or even higher in Europe). Indexed bonds have become strongly correlated with nominal bonds, thus losing a large measure of both their diversifying power and their attractiveness for an overall portfolio.
These results shed new light on the subject, in contrast to the earlier literature, which highlighted the strong diversifying power of IL bonds during their first years in existence (Lamm (1998) , Roll (2004) , Kothari and Shanken (2004) , Mamun and Visaltanachoti (2006a) ).
Several factors have contributed to explaining this change in the behavior of linkers. It is possible that a lack of liquidity and a supply / demand imbalance, amid strongly intensifying demand from institutional investors for IL bonds in recent years, made the early price history unrepresentative, and misrepresented the decorrelating power of IL bonds in relation to nominal bonds. Another factor that also played a definite role was the fairly strong decline in inflation expectations and their volatility, in a context of credible inflation-fighting monetary policies and in a more favorable economic environment for low, stable inflation.
Monthly portfolio optimization carried out since 1997, using our dynamic conditional correlation and volatility estimates and constant expected excess returns, clearly shows the decreasing weight that would have been allocated to IL bonds in an optimal allocation. Before 2003 the optimal weight of IL bonds in a portfolio was higher than that of nominal bonds. After 2003, considering the same hypothesis for expected returns, the weight of IL bonds declined
sharply. This study shows that in terms of diversification, IL and nominal bonds are now almost substitutable: they have more than 90% correlation with nominal bonds, roughly the same correlation with equities and same volatility as nominal bonds. It is clear that portfolio managers must today take these changes into account.
If diversification purpose could be a sufficient reason for introducing IL bonds before 2003, it is no more the case. The decision to introduce them will now depend solely on investors'
expectations for the relative excess returns of both nominal and IL bonds, but also their inflation risk aversion, given the fact that IL bonds provide a hedge against inflation risk.
An unexpected surge of high inflation would change the picture completely. The expected return on IL bonds may become much higher than that on nominal bonds (Roll (2004), Mamun and Visaltanachoti (2006b) ). Furthermore, the higher variability of inflation expectations would certainly change the correlation structure of IL bonds relative to other assets, restoring much of IL bonds' pre-2003 diversifying power in an overall portfolio. One interesting direction for future research would be to determine the extent to which a future, unexpected increase in inflation could modify the optimal allocation. Finally, now that most developed countries issue IL bonds, a comparative study of these markets would be highly instructive and would probably add to our understanding of the nature and causes of the changes that occurred in the United States and Europe in 2003. 
